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a) Axial velocity U. b) Circumferential velocity .

Fig. 4 Comparison between experimental and predicted velocity pro-
files for case Aj.

Predictions for contra- and coswirling flows exhausting in a
nonexpanding confinement made by Ramos and Sommer?®
matched only qualitatively. They noted that the introduction
of streamline curvature correction might improve their results.

Conclusions

A close comparison of numerical predictions with ex-
perimental results for contraswirling jets in a suddenly expan-
ding confinement leads to the following conclusions:

1) Theoretical predictions for the axial component of the
velocity have closer agreement with the experimental values
for weak swirls. The agreeement becomes poorer with the in-
crease in the intensity of swirl.

2) Theoretical predictions for the circumferential compo-
nent of velocity when compared with the experimental values
show a reverse trend.

3) The LPS correction introduced to account for the
streamline curvature improves the results of the prediction
technique. The predictions are not satisfactory for high
streamline curvatures caused by high swirl intensity and flow
expansion.

4) The limitations of the turbulence model is also exposed
in the zones having steep velocity gradients and in its inability
to pick up the central recirculation zone (case A;).
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Relationship Between
Pseudocompressible and Unsteady
Compressible Flow
at Low Mach Numbers

Jack Strigberger*
Eisenhower Medical Center, Rancho Mirage, California

Nomenclature

=sound speed

= characteristic length scale

=Mach number =u/a

= pressure

= Reynolds number =p , Lug/up

=time

=characteristic time scale

= velocity vector

=reference velocity used to form reference time

= “‘compressibility factor,’’ used in method of pseudo-
compressibility

=ratio of specific heats

=boundary-layer thickness

=temperature

=fluid density

= stress tensor

q“@h o

*

Tox ®

NT DO

Subscripts and Superscripts

R =reference quantity

oo =ambient value

() =perturbation=( )—( ),

I. Introduction

HE method of pseudocompressibility! has been shown to

work very well for the computation of steady viscous in-
compressible flows (e.g., Refs. 2 and 3). Rogers and Kwak?
have also used this method for computing vortex shedding by
a circular cylinder. They obtained good agreement between
predicted streamlines and measurements. The question arises
as to how well the method of pseudocompressibility can be ex-
pected in general to perform for unsteady-flow analyses, given
its utilization of what is ostensibly a fictitious pressure time
derivative. The answer to this question lies in the relationship
between the differential equations used in this method to those
of compressible flow. This relationship is derived below for
“‘external’’ laminar flows.

II. Background
The differential equations used in the pseudocompressibil-
ity method are?

(1/8)yp,+vV-u=0 (1a)
u+u-vu+vp=vviu (1b)

For flows that have a steady state, p,—0 as t— oo, so that the
above equations reduce to those of incompressible flow in
the steady state.

In contrast, the equations of compressible flow are*

pr+ V- (pu)=0 (2a)
1 1
u+u-vu+—Vp——V-7=0 (2b)
P o
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D, +u-VGp+ypV-u—(y—1)(V-(kv8)+®)=0 (2¢)

It will next be shown how the equations of compressible flow
compare with those of pseudocompressible flow as the
characteristic Mach number goes to zero.

III. The Equations of Compressible Flow
at Low Mach Number

To see the role of the characteristic Mach number M, ex-
plicitly, the following dimensionless quantities are formed:
Xxp =Xp/L, ynp =¥p/8,

ZNDZZD/L, tND:tI')/T

PND = PD/ PR =(0p — P ) /P%
Pnp =Pp/Pr= (P — P ) /P
Onp =05/0% = (0p —0,,) /0%,  unp =up/ug
My =ug/ag, Pnp=(y—D®p/(uguk/6%) (3)

The primed variables represent perturbations of dimensional
quantities from ambient. The ND and D subscripts denote
dimensionless and dimensional quantities, respectively.
Though the velocities are scaled by ug, the characteristic
(reference) velocity (e.g., u,, in external flows) u*, the veloc-
ity related to the characteristic time scale 7 such that
L/T=u*, may be chosen differently. If u*=ag, the ref-
erence sound speed, then T is of the order of the time re-
quired for an acoustic wave to travel the characteristic
distance L. If u* =ug, then T is of the order of the time re-
quired for a fluid particle to travel L. (Other time scales are
of course also possible; e.g., one could have chosen the
viscous time scale 62/v, which would result from setting
u* =»/8.) Depending on the choice of u*, the dimensionless
time-derivative terms (e.g., #,) may or may not be 0(1). All
other dimensionless variables are 0(1), by the proper choices
for the reference quantities ug, pg, etc. The temperature 6,
is related to the pressure and density via the perfect gas law,
Pp=ppRO, (R is the gas constant). At high Reynolds
numbers (Re=p,Lug/ug), i.e., in boundary layers, L/5 is
O(Re”) and reduces to 0(1) as the Reynolds number is
lowered. We also bear in mind that at low Mach numbers
the order of the density perturbations is given by pp/pe
=0(M%) and similarly for the pressure and temperature per-
turbations, pf, and e}, respectively. We therefore choose the
following reference perturbation quantities: pg=M%p..,
Db =Pos Uk =vM}p,,, and 04 = (y—1)M%0,,. This choice of
scaling is based on the assumption that, in the region of in-
terest, the density, pressure, and temperature are composed
of their freestream values plus acoustic perturbations. This
assumption should be valid for external flow problems.
Making use of this information, along with L/6=Re”, on
substitution of Eq. (3) into Eq. (2) and dropping the ND
subscripts, we get, to second order in Mpg,

O e I

Ug
u,+ —({u-vu+vp}

+

Py

U
z{’;ﬁ} Re g+ 113,) + 14 (4b)
po b e )

7—)

x{ u-vp+o+ [0y+Re"‘(0xx+0zz)]} 40)

VOL. 25,NO. 1

If we choose u* =ay, Eq. (4) becomes

1 \2
pt+MR{(M ) V-u+u-Vp}=0 (5a)
R

U+ Mylu-Vu+ Vpy=Mg{Re ' (uy, +u,)+u,} (5b)

1
P+ <M )V-uzMR{—u-Vp+<I>
R

y—1
+ <—Pr [6,, +Re~'(f,,+0,,) ]} {5¢)

while if u* =ugy, we obtain

1 \2
pﬂr(—}\K) Voutu-vp=0 (62)
U+u-Vu+Vp={Re "(uy+u,)+u,) (6b)

1 )2
+ V-u=-—u- + @
D, <MR u-vp

-1
(2
Pr

1O+ 0,01 (6¢0)

IV. Comparison of the Equations of
Low Mach Number and Pseudocompressible Flow

We are now in a position to compare the equations of
compressible flow at low Mach numbers to those of pseudo-
compressible flow. Let us first consider the inviscid case. For
example, Eq. (6¢) becomes

D+ (/MY V -u+u-vp=0 Q)

It is seen that Eqs. (6b) and (7) are independent of p and in-
volve only u and p; i.e., for time-accurate computations of
unsteady, inviscid, low-Mach-number flow, the continuity
equation uncouples from the other two equations (momen-
tum and energy), so that one can solve for the velocity and
pressure independently of the density fluctuations. Further-
more, comparison of Egs. (6b) and (7) with Egs. (1), we see
that the former reduces to the latter if 3=1/M% and if, in
the energy equation (7), we neglect the term - Vp. It is seen
that the method of pseudocompressibility tries, in effect, to
solve the unsteady energy equation, not the unsteady con-
tinuity equation. However, u- Vp is, in general, not negligi-
ble. Since there is no reason to expect the velocity and the
pressure gradient always to be orthogonal (if they were, in
steady flows the pressure would remain constant along
streamlines), u- V p does not vanish identically. Furthermore,
because of our scaling, both u# and vp are 0(1), so that
u-vp=0(1), in general.

Let us next examine the terms of the continuity equation
(6a). We note that in the steady state, we have

u-Vo=—(1/Mg*Vv -u (8)
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Now, for inviscid low-Mach-number flow

P=p+0(M}) ©a)
Therefore, to 0(M%)
u-vp=u-vp (©b)
. =D, (9¢)
and
u-Vp=—(1/Mg)*V -u 9d)

From Eq. (9d) we conclude that V -u=0(M%). If we com-
bine Egs. (9b), (9¢), and (6a), we get Eq. 7. This means, that
to O(M%), the energy and continuity equations are identical
in inviscid regions of the flow.

The above analysis partially explains why conventional
compressible flow computations break down at low Mach
numbers—in the steady state, the continuity equation and
the inviscid part of the emergy equations become very
similar, leading to ill conditioning of the numerics (also, the
use of p and p instead of p’ and p’ and the use of total
rather than perturbation scaling quantities in conventional
compressible computations produce a high noise-to-signal
ratio).

Let us next consider the viscous case. Only if there is no
heat addition, the walls are cold and k is small, can the terms
in the energy equation involving the temperature be safely
neglected. Doing so would maintain the uncoupling of the
continuity from the other two equations.

V. Conclusions

The method of pseudocompressibility can be regarded as
one of computing incompressible flows by replacing the in-
compressible continuity equation with part of the low-Mach-
number energy equation. For the time-accurate calculation
of unsteady flows, the terms absent from the pseudocom-
pressible continuity/energy equation are, in general, not
negligible; numerical experiments should be carried out to
compare the differences between using Egs. (1) and (5) or
Eq. (6).

To use Egs. (5b) and (5¢), or (6b) and (6¢), one should
choose a value of My low enough so that the flow is in effect
incompressible (truly incompressible flows do not exist in
nature anyway; it is assumed that when the Mach-number-
like parameter of any Navier-Stokes flow of a perfect gas, a
liquid, or whatever, is sufficiently low, then this flow is ef-
fectively similar to a truly incompressible one), but not so
low that the term 1/M% in Egs. 5 is troublesome or that the
approximate-factorization error>? is too large. If the
numerical algorithm used to solve Eqgs. (5) does not make
use of approximate factorization or, if it corrects for it, then
the upper bound for 1/M% discussed in Refs. 2 and 3 can be
relaxed and lower Mach numbers can be safely utilized.
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Turbulent Mixing in Nonsteady Jets

S. M. Kato,* B. C. Groenewegen,*
and R. E. Breidenthalt
University of Washington, Seattle, Washington

Nomenclature
d =nozzle diameter
K,,K, =constants
L(t) =instantaneous flame length
Re = Reynolds number
t =time
U, = jet centerline speed
Ve =jet entrainment speed
U (1) =nozzle exit speed
X =downstream distance from nozzle exit
I'(s) =circulation
6(1r) =instantaneous maximum visible flame width
b =equivalence ratio
Q = vorticity
Introduction

HE mixing behavior of the steady jet has been extensively

studied. The mean concentration of any conserved scalar
ejected from the jet nozzle declines as x ! as the jet mixes with
the ambient fluid, where x is the downstream distance.
Therefore, one expects that any molecular scale mixing occur-
ring as the fluid proceeds downstream will initially produce
mixtures rich in injected fluid near the nozzle and progress-
ively leaner mixtures further downstream. Such behavior has
been observed in laboratory experiments.!3 It is clear from
this that the steady jet mixes the two fluids together over a
wide range of mixture ratios. If some mixture ratios are
undesirable, the steady jet is assured of producing at least
some undesirable mixing. Thus, if the mixing rate could be
modified by some means to preferentially mix fluid at a single
mixture ratio, rather than the broad range covered by the
steady jet, then the amount of mixing at the undesirable mix-
ture ratios could be reduced.

We propose that a nonsteady jet may modify the molecular
mixing rate by altering the ratio of ambient to nozzle fluid in-
gested into turbulent vortices. The notion is fairly simple.
Consider the starting jet illustrated in Fig. 1. If the nozzle exit
velocity U;(¢) is a step function in time, a toroidal starting
vortex is produced. As it convects away from the nozzle, it
grows, partially by entrainment of ambient fluid and partially
by incorporation of overtaking nozzle fluid from the rear.
While, to our knowledge, the ratio of the two contributing
components has not been measured for the jet, the related
quantity for the starting buoyant plume is reported by Turner*
to be approximately unity. That is, about equal rates of am-
bient and nozzle fluid are incorporated into the starting vortex
for the plume.

In the jet, the incorporation ratio of ambient to nozzle fluid
may be changed by nonsteady effects. At any instant, the
vortex has circulation I' (¢) and characteristic dimension (7).
Thus, it has a finite-volume entrainment appetite of order
T6(¢). If the flow out of the nozzle is continually accelerated
so that the vortex engulfment® appetite is completely satisfied
by this stream, then negligible ambient fluid would be en-
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